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Summary

The paper presents short and appealing expressions for bias, variance and
estimate of variance of r, the sample correlation coe£Scientin finite populatii^n.
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Introduction

The study of correlation coeflBcient is frequent in the fields,.of Psycho
logy, Sociology and Economics where populations are finite. So an esti
mator of finite population correlation coefficient is desirable. Gupta,
Singh and Lai [2] attempted this problem. In this article, "the author
reports short and appealing expressions for bias, variance and estimate
of variance of r.

2. The Estimator

Let {(*<, yi); / = 1, 2 n} be pairs of observations on « units of a
sample from a finite population of N units. Notations to be followed in
this paper are

N n _
S for ; S' for \Zi = Xi X = SZi/AT; jc = S'

- 1);

y? - (Sjro - 1);
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cl2 = (iV - 1) (5|2/JV);. <Tx.2 = (N- 1) S^y2 IN;

= (2' (x?y - (S'A-?)V«)/(n - 1) and

S..2 = (2' ;c,y? - (S' x^) (S' 3;f)/«)/(« - 1)

Similarly expressions for F, S,v, o'sv, Sz,, iS'zi/2, s'y, Sxt, »««, Jxs,
5',^« 1 etc. are followed.

The usual estimator r of p, the population correlation coeflBcient is

r= 0i/(0.V (1)
where

01= - (S'x,)(S'.vO/n.

0j = xf —(S' ;c,)®/n and

0, = S'j-f - (2>0Vn (2)
Let 0, = 0< + E, (/ = 1, 2, 3) such that £(00 = 0<. So in case of

simple random sampling without replacement (SRSWOR)
0, = (n - ]) 5xv. 0^ = (« - ]) S| and % = {n ~ 1) S^.

Lemma 1 : For SRSWOR with n> 1 and iV > 3, the variance of ej
will be

r(e,) = a (Si - 2X - 2YSzz + X'' + T« Sl

„here «=^ _ 2) (iv - 3)

. (N-n)(n - \)(N - n - \)
nN(N- 2) :

Corollary 1 : For SRSWOR with « > 1 and iV > 3

K(.,) = a (Sl, - 4 + 4 Sl) + 2P Sl (4)

Corollary 2 : For SRSWOR with n > 1 and N > 3

K(E3) = a(S», - 4f5„„2 + 4 y«5;) + 2 S* (5)

Lemma 2 : The covariance between ei and sj will be

Cov (e„ ej) = - T«2 - 3XS^, + X*

+ 3XYSI) + (6)

+2XYS,v) +P K+Sl, )
(N — n) (n - ])(nN - N - n - 1)

(3)
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Corollary 3 : The covariance between and will be

Cov (ei, Sg) = - 3rS„ + F® + 3XyS^)

2P (N-2)
N —3 " ^ '

Lemma 3 : The covariance between and Sj will be

Cov (Ea, 63) = a(S,2, -- 2 XSxy^ f 4XfSxv}

+ (8)

The lemmas 1-3 can beeasily proved with little algebraic manipulations
of the respective cxpreasiona reported by Gupta, Singh and Lai [2].

Lemma 4 ; For SRSWR, the variance of sj will be

yM - ~ 2x^„ -

+ ixf...) + .5 (9)

CoaoLLARY 4 : For SRSWR, the variance of Sj will be

VM = (<^2 2- + 4^«a2) + •^ o4 (,0)

Corollary 5 : For SRSWR, the variance of will be

V(e,) = (o2, - 4Fcr.„2 +4F«a2) + ') a4 (1,)

Lemma 5 : For SRSWR, the covariance between e, and sj will be

Cov (e„ •,) = ~ («„> - 3?- ?o„i + J'

+ 3fy?;)+ (n)

Corollary 6 : For SRSWR, the covariance between Sj and «3 will be

Cov (ei. £,) = ~ (a.,2 ~ 374. ys „

+ 3zFag)+ (,3)

Lemma 6 : For SRSWR, the covariance betweer ;and S3 will be

Cov (e„ E,) = ~ _ 2^a„a - 2Fa„«3 + 4??O;./)

+ < (14)
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Lemma 4 can be proved with algebraic manipulations of expressions of

V{ 9i) given by Gupta, Singh and Lai [2] (corollary 6, pp, 46). Similarly
lemmas 5 and 6 are proved.

3. Bias of the Usual Estimator r

As r is biased estimator of p, the population correlation coefficient, it
is imperative to work out its bias.

Theorem 1 : For SRSWOR\ the bias of r is

B{r) = - p K 2bi0, 20,03

+IBTJT -1(^+
1+ •S'»x2 + (ZV2e, 0, + 72/2010;3

- XYl^, 03) S.v +^ (y/0. - XI%,) ZS' +-^ (Z/01
- 7/03) YSl + — (37/03 - m) Syy2

- ^77^ " 20. e. In -1>
UN - 1) 5^, - 5^ )- -|. {5|/e;- + S^l^l)} (15)

Proof: We have /• = = p (l + s,/0i) (1 + gJ0j)-i/2
(1 + =3/08)-^'^

Assuming | \ < 1 and | | < 1 and binomial expansions of
(1 + Ej/Oa)"'/'and (1 + 's3/03V i'^ as convergent series of and eg for
large sample size, we get (Gupta/Singh/Lal [2]) .

F(r\ ~ nf ] - I -fi'Csa ea) , •g(e|)
PI ' 26,0^ 20103 40,0, 8. ©1

-1 f^') (•«
where the terms of order 0(h-'') in (16) have been neglected. Substituting
the values of variances and covariances of e's from the lemmas 2-3 and

corollaries 1 — 3, we get bias Bir) = E(r) — p as reported in (15). For
upper bound of B(r.) one can refer to Gupta, Singh and Lai [2].

Corollary 7 : For bivariate normal distribution of random variables

(a:, y), the expected value of r will be approximately p.

Proof: For bivariate normal distribution
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1^80 = "ly = P®" 1^02 = °'l'
^•30 = (^03 = l^is ' ('•SI 0, (Aoi_=
M'M = 3o^, (^31 = 3po| Cy, 1^18 = 3p<Tj o®

and >aa = (1 + 2p') oj

Using these relations in the expressions ofvariances and covariances
of e's in lemmas 2-3 and corollaries 1:3, we get

- -- ir ^ +4^^ sli+i SInZS
.01

Similarly

' "mt - »-1

From (16), (18), (19) and (20), we get

1 1
Eir)

e|
1 1- AY

(2N ct + ^2) ^

, 4X*N ,

2N.

• +
2P (N - 2)
02 (JV.-3) (A^-ir

mN - 2) p _£|_
3 J er+ {N- l)(N

.(2ArZa|)

2N. (
N- 1[ "

+2(^ - n)(N- 1)

3

1

1

3

1

nN(n - 1) (N - 3) L N--2
N~n - 1

A' - 1 .

+ DIN
2IN

-/I 1 \ M - ^ r(?»- i)-(/i
^ U N ) \ I -3/iV j(«- 1)L - 1- 2/

2(«^1 + 1)
+

1 - n + UN'

1—1/i^ J n(« —1) « —1

= "SreT
£(ea 63) 2p^

I -

1 -

+(B-l) («-l) ' 2(n-l)

+|(v^+^)] •
1— PV

2 (n - 1) J "

4, The Variance of f •

- as iV •

(18)

(19)

(20)

(21)

In case of biased estimators, the measure of varia^n is mean square
error. But in case of first order approximation of r, both V{r) and
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MSB (r) will be the same. So using the first order approximation of r,
variance of r for SRSWOR, is obtained as follows :

Theorem 2 : To the first ordet of approximation

• V{r) = p«a {S2/ef + SI, I 40| + Sj. / 40| - J 83

- IQfi, + 12%% - (1/0,83) + YSy:,^ )

+ (3X1% - 2YI%) + (3?/03 - 2X1%) S,yl%

+ (Z«/62 + r/ei - 3XYI%%) 52 + (7V02

+ I'm - 3XYI%%) + (2^7/02 —X*I^1%

- Y*l%% + 2XYI%%) S,y + (?/0i - X%} /0,
- 3

+ W0, - y/0,) /Oa} + ipWN - 3))

+ {N-2) S*l26l +{N-2) 5J/20I -

+ sii%) S,

\(IL^
\ ef

(22)

Proof: Using the first order approximation (Gupta, Singhand Lai [2]),
we get

V{r) = p» [£(eJ)/02 + e(®p/(4e| + £(0|)/405 - E(z,t,)l%%,
- E{t^t,)l%%-{- E{tt^,)l2%%] (23)

Using values of variances and covariances of e's from lemmas 1-3and
corollaries 1-3 in (23) and rearranging them, we get (22).

Corollary 8 ; For random variables (x, y)' following a bivariate
normal distribution, the variance, V(r) of r is approximately (1 — p®)'/
(B - 1)

From lemma 1, we have

£(e!)/0f = («/0J) (S2 - 2XS,y - 2?&, + X* 52 + Y»S^

+2XYS,y) +(P/»i) (s|„ + SI S® j (24)
Using relations in (17) in the equation (24), we get

£(.J)/9f ..(l/ef)[;^ (1 +P')««5 +
+'/<" - « );
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nN - N - n - 1(Ar-«) (N-1)
nJV{n - l)(N-2) ^ ' [(- N-3

nN -2n-2'

•N-3

+ 1_ » + "-2» + 2/^1
+ * iV-1 J ^ • 1-3IN .

i-l-(n+ \)IN
3IN

iS1 +P'

(« - 1) P"
as N -*• oo (25)

Substituting values of ('• 7 ~
and (25) in the expression of V{r) given in (23), we get

W=P" ( („ _I) pi +2(11 - 1) 2(n - 1) ~ »- I
-Tr^+7^)=7r^<'-«' '«)

Values of E(st ej)IOi 0j (i, j = 1, 2, 3) computed by Gupta, Singh and
Lai [2], for a bivariate normal distribution, are wrong though due to
contrast nature of expression of B(r) computed fron (16) and that of
V{r) in (23), they obtained the samevalues as reported in this paper.

Similarly, we get expressions for the bias and variance of r for SRSWR
by simply substituting values of variances and covariances of e's from
lemmas 4-6 and corollaries 4-6 in (16) and (23), respectively and also
replacing 0i (/ = 1, 2, 3) with (// —l/AT) e<. It can beeasily observed that
the multiplier n(« - I) {N- O^/n^iV reported by Gupta/Singh/Lal [2]
in the expressions of bias and variance of r should be replaced by
(n - DInNHN - ly.

5. Estimation of the Variance of r

To avoid mathematical complexity, a practically useful biased esti-

mator of K(r) is provided by replacing 0* (i = 1, 2, 3), X, Y, 5| add Sat

{a, b = z, X, y, /) with e<, x, y, si andJot, respectively in theexpres- ,
»ion of V(r) given in (22), The estimator so obtained is given below ;

Theorem 3 : For SRSWOR, an estimator of V{r) is given by

K(r) = r^a {jf/( 0,)« -f 4. /4 (>)» + «|i /4 (0)a - %

— Styi -t- )
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+ (3x1% - 2^li) j.^/0; + Op / 03 - 2^/01) 101

. + {xV( 01)° + fK - 3xj>/0i %)

+ W( 01)" + xV( 02)« - 3Sj>/0A)

+ (2m - x*/e/2 - SW, + 2XmA)s.y
+ {pi\-xi\)10, + s/e; - j>/03) 2/ 03}

+ z!P_
{N-3) \ (0i)« ^ (0i)' (mJ

si + (N- 2) 4/2 (0a)« + iN-2) 4/2(03)'

2 (AT - 2)
isll% + sllQ^)s,y

"1 .

Similarly, an estimator of V(r) can be obtained for SRSWR by replac

ing, X, Y, ('• = 1. 2, 3), o2 and a<.6 (a, b = z, x, y, x^, y^) with their
unbiased estimators, x, j>, NQJN —1, s\ and Sai, respectively in the ex
pression of V(r) obtained for SRSWR.
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