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SUMMARY

The paper presents short and appealing expressions for bias, variance'and
ostimate of variance of r, the sample correlation coefficient in finite population. .

Keywords : Finite population, Correlation qocﬂiéiem, Bivariate © normal
distribution.

In}troductioni

The study of correlation coefficient is: frequent in the fields.of Psycho-
logy, Sociology and Economics wheré populations are finite, So an esti-
mator of finite population correlation coefficient is desirable. Gupta,
Singh and Lal [2] attempted this problem. In this article, the author

reports short and appealing expresswns for blas, vanance and estxmate
of variance of r.

2, The Estimator

Let {(xq, ys); i =1, 2, , n} be pairs of observations on 7 tnits of a
sample from a finite populatxon of N units. Notations to be followed in
this paper are '

imm]

n_ . _. . 4 .
2 for E ; 2 for 21 s Zs = Xi Y«, = EXiIN; X = 2" x/n;

Sh = (S(X2) — BN — 1;
Sey = (in Y? - (EXG) (EY'?)/N)/(N —_ 1);
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o2 = (N — 1) (SBIN); 0ey = (N — 1) Seye [N;
siz = (2 () — (Z'xP)?n)/(n — 1) and"
Sey2 = (" x 98 — (&'x) (2 yd)In)/(n — 1)

Similarly expressions for Y, §, Suy, ey, Seys Siy2, 052, 52, Sue, Ozy, Szs,
Sp.2, 0g2, 5,22 etc, are followed.

" The usual estimator r of p, the population correlation coefficient is

r= 8,/(8,0,) ' - (1)
where . B
8= xyi — (& x) (B p)lm,

=3 x2 — (2' x)3n and

™

<D

s = 22 — (Z'p)¥Yn o ()

Let 0; = 6; + ¢, (i = 1, 2, 3) such that E6;) = 0, So in case of
simple random sampling without replacement (SRSWOR)
8, =(n—1) Sw, 0= (n— 1) S2and 0; = (n—1) S}

LeMMa 1 : For SRSWOR' with n > 1 and N > 3, the variance of ¢,
" will be.

V() =a (S — 2X Syy — 2¥Su+ X2 S2+ Y2 S

+2xys”\+e(N Ls181+ S, ) 3)
.where o = (N —n) (:(];[——l)z()nl(VN—_l\;)— n—1)
and g ¥ —n (,’,'N_(A})_(NZ)_ =)
" COROLLARY | : For SRSWOR thh n > 1 and N‘> 3
) V(e,) = a (52, — 4 XSan + 4 X S+ 23 (N )) S, “
. .CoROLLARY 2 ; For SRSWOR with n > 1 and N > 3 ‘
V(e = (Sl — 4¥Sus + 4 Y'5S)) +2 (—%N—)—s‘ (5)
LemMa 2 : The covariance between ¢, a_ﬁd z-:2>will be
Cov (e &) = Syt — Yast — 3XSa, + X* Sk
+3xFsy + 20 =D o 5 C®)

N-—-3
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CoRroLLARY 3 : The covariance between ¢; and &; will be
Cov (&1, &) = elSsys — XSys — 3¥5,, + 725, + 3XY'S})

2B(N — )

TN =

O )
LEMMA 3 : The covariance between g, and e; will be
Cov (g, g) = a(Sz2y -- 2 1‘7&:”3 YTSMS 1- 4;Y_Y_Szy)
+ s =1 8L, — sisY) ®

The leﬁmas 1-3 can be easily proved with little algebraic maripulations
of the respective expressions reported by Gupta, Singh and Lal [2].
LeMMa 4 : For SRSWR, the variance of &, will be

n—1D" 5 2 2 Ty 32 32
V(el) = —n‘ (0: + X® “y +Y o; —2X Gy — 2Y0y,
+ 2X¥o,,) + =D (2 1 o2 a2) NO!

CoRGLLARY 4 : For SRSWR, ‘the variance of ¢, will be

Ve = Lo o2, — 4%z + aFroy + 20D 4 g

- . CoroLLARY 5 : For SRSWR, the variance of e, will be

Ve = Lo (@h — 4Foe +aToy + 20D o (g
LemMa 5 : For S'RSWR,‘the covariance between é, and ¢, will be
Cov (e o) = o (0 — 3Xomy — For + T,
+ 3XY 92) + @ 002 1

COROLLARY 6 : For SRSWR, the covariance betweén e, and ¢, will be

f— 2 —_— —_— - - ’
(—"n—l) (02 — 3¥0,, — Koy + Yo

Cov (g, 5) =

Oxy 0_3 - (13)

LEMMA 6 : For SRSWR, the covariance betweer and €, will be

(n—1)
n

Cov (eg, &) = (047 — 2X 0292 — 2Yoyza + 4XY oyy)
2(n — 1 &

+ ==, - (14)
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Lemma 4 can be proved with algebraic manipulations of expressions of

v(6,) given by Gupta, Singh and Lal [2] (corollary 6, pp. 46). Slmxlarly
"lemmas 5 and 6 are proved.

3. Bias of the Usunal Estimator r

As ris biased estimator of g, the populatxon correlatlon coeﬂiment it
is 1mperat1ve to work out its bias.
THeorev 1 : For SRSWOR; the bias of ris

: 1 1 = o
B(r) = — { ZU 0 (Szz? 3XS$z) + '26_9(‘5'2!19 - 3YS1.’2) \

Sy S32 )

! _(Z:Y—Sasug + 275,,: - Szllg) 3( 02 +

40, 6,
i %1y — F10) See -+ (X4/26,0, + T2120,0,

+

—XTI0, 0) Sxy + o (FIoy — Xi) T2+ o (478,
2 - 3
— — ) = _
— Y0,) Y Sy -’r - (3Y/93 — X/0,) Syy2 }

— BN D) (5210, + 5208, Swd, — L

(N — 20 9 (N¥ 2)
=1 s:, — SIS -3 sy + sUE ()

Proof : We have r = 08,/(6,8,012 = ol + e,/0,) (1 + 82/0,) 112
(1 + e4/65)711%

Assuming | €4/0, | < 1 and [ &f0; | < 1 and bmomlal expansions of
(1 + €,/0,)%and (1 + &,/0, 1'% as convergent series of e, and ¢, for
large sample size, we get (Gupta/Singh/Lal [2]) . .
E(e, &) 3 E(})

- ’ _ E(e, ¢,) _ E(z, 5:«)' ~
E(r) =e ( l 28, 6, 26, 8, + 46,0, .° 8 0%
_ 3 E(s2)
) 0

where the terms of order 0(n~%) in (16) have been neglected. Substituting
the values of variances and covariances of ¢'s from the léemmas 2-3 and
corollaries 1 — 3, we get bias B(r) = E(r) — p as repo:téd in (15). For
upper bound of B(r) one can refer to Gupta, Singh and Lal [2].

CoroLLARY 7 : For bivariate normal distribution of random variables
(x, ¥), the expected value of r will be approximately p.
Proof : For bivariate normal distribution
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a0 = o2 » P11 = POa Oy, Boz = ‘73.
P'ao = Yoy = g = B = 0, P‘ol = 3",,,
M = 3"3. By = 39% y g = 3p0,
and ‘u” =1+ 29”) o2e2 L - (17
_Using these relatlons in the expressxons of variances and covarlances
of ¢'s in lemmas 2-3 and corollaries 1-3, we get L
28.(N —2)

() _
EZ% = 62 {s2% — 4XSmx’+4XBSZ}+m S&
™
=-9%2{N-1— [~ (2N of + 4N "5) - N— g 2Ne)
4% ), B(N—2) N
»’+-N—1°5}+ BN—3) W—1F *
N—1\ N—DWN-—-3) 6" _
__2(N—n)(N—l)|"nN—'N—n—-l+ N—--n—’l]
T~ aNm— 1) W —3)L N—2 N—1
T, (i_‘_l_)(l—-llN) I [(a—D=@+IN
n N J\T=3N/m—DL -~ 1-2N =
1—n+ YN 2(—1+D _ -2
T i— 1N g nn—1)  n—1 asN—->oo
S ’. e ". .E(sl 52) . E(alss)_ l2’ . C
Similarly . E(c2/63) =‘ 00, 91_93 ,_ = =1 N ] (19_)
_ E(ege) 20t S '
and ! 93463 = n— 1 - Lo ‘, ) (20),
From (16), (18), (19) and (20), we get . -

. , - 1 l . P. V .
EN=e| =Gy~ -0 T 2m-D .

+%( n —2—1 + ni 1 )]

I 2m-—n]"°F | }

4, The Variance of r- '

In case of biased estimators, the measure of variation is mean square
error. But in case of first order approx1mat10n of r, both V(r) and
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"MSE (r) will be the same. So using the first order approximation of r,
variance of r for SRSWOR, is obtained as follows :

THEOREM-2 : To the first order of approximation
V(r) = ot {S02 + S2, [ 402 4 §21 [ 402 — S,] 6, 0,
S 0,0 + S3 (208, — (16, 0) (XSwa + ¥Spms )
+ (3X/8, — 2Y/01) Sex [0 + (3F[0; — 2X/8;) S,y 16,
+ (RYje: + Yojoy — 3XTI0,0) S2+ (V63
£ X02 — SETI0,0,) 52+ (2 T/62 — T1/0.0,
— (0,8, + 2X¥/0,8,) Say + (¥/0 — X0;) Sixn /6,

+ (X/8, ~ /0 Sypa [66} + (B/(V — 3) {(——N —

O N—=1\g , (N—1 1 )
o0 )SWL( % 50, )5S

1 x

+ (v — 2) syy26+ (v — ) sy0g — 2= sy,

+ S318) Sur } o (22)

Proof : Using the first order appronmatlon (Gupta, Singh and Lal [2]),
we get

V(r) = p? [E(e2)/0? 4 E(s2)/(492 + E(c3)/403 — E(c, £,)[0, 0,
— E(e185)[0, 03 + E(es¢5)/20, 6,] A (23)
Using values of variances and covariances of ¢’s from lemmas 1-3 and
- corollaries 1-3 in (23) and rearranging them, we get (22).

CoroLLARY 8 : For random variables (x, y) following a bivariate
normal) distribution, the vanance, V(r) of ris approxnmately (1 — pz)’/
(n—1

From lemma 1, we have

E(e%)[02 = («/6)) (S — 2xs., — 2¥S:, + X* 52 + r= Sz
+2RTs,) + GO (s + =3 5ISt) @9
Uliﬁg relations in (17) in the equation (24), we get - »

()07 <= (107 )[ (1 ozal NEELR

(e )]
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. N—nW - (1/2)[(nN—N—h—l
aNwn — 1) (N — N-3

N—n—1) 4, nN—21—2
—(m—yn 1= N . 1 I'( n—1—(n+ DN

T—2/N m—De L\~ 1—3N

n n—2n-+2IN 1+ pf
N—l)"'+ =38 17 =1D¢
‘ ~as N—oo (25)

+1-

" Substituting values of E(ei))/8:8; (i,j = 1,2, 3) from (18), (19) (20) .
'and (25) in the expression of ¥(r) given in (23), we get .

o 1Ee 12

V(r)_P'-((n—‘l)p' + 2(n—1) + 2(n—1) n—1
2 Y 1 g
—n-—l+n—l.)_n—1(l’ a4 (26)

Values of E(gi¢,)/0;0; (i, j = 1, 2, 3) computed by Gupta, Singh and
“Lal [2), for a bivariate normal distribution, are wrong though due to
contrast nature of expression of B(r) computed fron (16) and that of-
V(r) in (23), they obtained the same values as reported in this paper.

Similarly, we get expressions for the bias and variance of rfor SRSWR
by simply substituting values of variances and covariances of ¢’s from
lemmas 4-6 and corollaries 4-6 in (16) and (23), respectively and also.
replacing & (i = 1, 2, 3) with (N — 1/N) 0¢. It can be easily observed that -
the multiplier n(n — 1) (N — 1)2/n®N® reported by Gupta/Singh/Lal [2]
| in the expressions of bias.and variance of r should be replaced by
(n— l)/nN2 (N —1)3. ' .

5. Estimation of the Variance of r
To avoid mathematical complexity,'a practically useful biased esti-
mator of ¥(r) is provided by replacing G(G=1273), A7, Y, S2 add S

(a, b = z, x, y, x* y*) with 0, %, 9, s2 and sa, respectively in the expres- |
sion of ¥(r) given in (22), The estimator so obtained is given below

THBORBM 3 : For SRSWOR, an estimator of V(r) is given by
Vir) = P (B + ga [4 (B + 530 [4 @) — sa ] 8,8,
— s.v’ /0193 + l'xly.lzea e) - '_6_6—_ (f S,%:l + pSyxl )
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+ (3%, — 29/6)) 5uaiby + (39185 — 22/6)) 5.,/ 6,
@B+ 9By — 3%9/6,6) 52

+ (BB + 3380 — 3%p/0,8,) 2

+ @RPI(B) — R — 98,5, + 2%9/0,50) ser

+ (910, — %18 52,18, + %6, = $/6) 5,y 2/65)

ool 7 U )

252 + (N — 2) s4i2 (6 + (V — 2)sf26)*

_2(N—-Y
1 - ) .

Similarly, an estimator of ¥(r) can be obtained for SRSWR by replac--
ing, X, ¥, % (i=1,2,3),02 and émb (a, b=z, x,, 2, %) with their ,

6, + 2185 | @7)

unbiased estimators, X, y, N 0‘/N — 1, s2 and Sa, respectlvcly in the ex-
pression of V(r) obtained for SRSWR.,
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